The object of this paper is to study the orbit structure of a Hamiltonian system in a neighborhood of a trajectory which is doubly asymptotic to an equilibrium solution, i.e., an orbit which lies in the intersection of the stable and unstable manifolds of a critical point. Such an orbit is called a homoclinic orbit.
The object of this paper is to study the orbit structure of a Hamiltonian system in a neighborhood of a trajectory which is doubly asymptotic to an equilibrium solution, i.e., an orbit which lies in the intersection of the stable and unstable manifolds of a critical point. Such an orbit is called a homoclinic orbit.
For diffeomorphisms, the analogous situation is fairly well understood. By a theorem of Smale [7] , in every neighborhood of a transversal homoclinic point of a periodic point, there is a compact invariant set on which some iterate of the diffeomorphism is topologically conjugate to the Bernoulli shift on N symbols.
Via Poincare maps on local transversal sections, there is thus an analogous result for hyperbolic closed orbits of vector fields.
For critical points of vector fields, however, the situation is somewhat different. In the first place, by the Kupka-Smale theorem [4], the existence of orbits doubly asymptotic to an equilibrium point is not generic. In fact, the set of vector fields which admit homoclinic orbits at critical points is of the first Baire category in the set of all smooth vector fields.
This follows since the sum of the dimensions of the stable and unstable manifolds at the critical point is at most equal to the dimension of the manifold itself. Hence, the stable and unstable manifolds cannot intersect transversely in a one-dimensional (homoclinic) orbit.
For Hamiltonian systems, however, this is no longer true. The stable and unstable manifolds of hyperbolic critical points must both lie in a fixed energy surface, and by [lo] , th e y are generically transverse within that surface. Since the codimension of energy surfaces is one, it follows that the stable and unstable mnaifolds may thus intersect transversely within the energy surface along a homoclinic orbit. Hence these orbits cannot be removed by small perturbations of the Hamiltonian.
We remark that, with certain restrictions on the characteristic exponents at the critical point, Silnikov [5] has found horseshoe mappings similar to those of Smale near homoclinic orbits of vector fields. However, his assumptions definitely exclude the Hamiltonian case. Thus the aim of this paper is to extend his results to this case.
Throughout this paper, we assume that Xu is an analytic Hamiltonian system with two degrees of freedom, and that X,(p) = 0. The critical point p is called a saddle-focus if the eigenvalues of DX,(p) are -+(a f ;w), where OL, w > 0. See [l] as a general reference for Hamiltonian systems.
In Section 1 below we construct local transverse sections and Poincare maps for homoclinic orbits. Our construction is similar to that of Silinikov. In Section 2 we use these maps to prove our main result. THEOREM A. Let p be a saddle-focus for X, and suppose y is a transverse homoclinic orbit at p. Then for any local transverse section .Z to y, and for any positive integer N, there is a compact, invariant, hyperbolic set A, C Z on which the PoincarC map is topologically conjugate to the Bernoulli shift on N symbols.
In Section 3 we discuss extensions of Theorem A to the case of pairs of heteroclinic orbits. According to a conjecture of Stromgren [9] , there exist several such orbits connecting the critical points L, and L, in the Restricted Three Body Problem for certain mass ratios. Modulo our transversality assumptions and the Stromgren conjecture, Theorem A extends to give a good picture of the orbit structure near such heteroclinic orbits. In particular, it follows that there exist infinitely many long periodic orbits approaching both L, and L, in the restricted problem.
One of our main assumptions in Theorem A is that p is a saddle focus, i.e., that the orbits on both the stable and unstable manifolds through p are spirals. This restriction, as we show in Section 2, cannot be removed. Thus it follows that the existence of horseshoes associated to homoclinic orbits is an open but not dense phenomenon in the space of Hamiltonian vector fields admitting such homoclinic orbits. This, of course, is not the case for transverse homoclinic points of diffeomorphisms, where no eigenvalue conditions are needed at the periodic point.
POINCAR~ MAPS FOR HOMOCLINIC ORBITS
In this section we construct local transversal sections and the associated PoincarC maps for transverse homoclinic orbits of Hamiltonian systems.
By a theorem of Moser [2] , there are local coordinates (x, y) = (x1 , xe , yi , ya) about p in which the flow Ft of X, is given by eAt(xl (0) where R is an analytic function whose expansion about the origin begins with terms of degree 4.
Note that x = 0 defines the local stable manifold and y = 0 defines the local unstable manifold.
For small enough ri , 6, , the following submanifolds are transverse to the Aow.
We also consider ,&a = 22 n H-l(O) and 2Y,,b" = ZU n H-l(O). Let us (resp. c+) denote the intersection of the local stable (resp. unstable) manifold with Z,-," (resp. .Z,,O"). So us and uU are the center circles of the solid tori 27 and Z".
Finally, given a transverse homoclinic orbit y, we let q" = y n us and p = yn ~9.
We now define the Poincare map for a homoclinic orbit as the composition of two maps. Let D8 and Du be two-dimensional disks in ZO" and &,U, respectively, centered at qs and q". Both D* and D" belong to the energy surface and are transverse to the flow on H-l(O). Thus there is the usual Poincare map @r : D" --f D* obtained by following orbits in the forward time direction until their first intersection with Ds. By the Implicit Function Theorem, c#+ is a local diffeomorphism taking q" to q".
If Ds is chosen small enough, there is a similar map CD,, : D" -us + Z,,O", also obtained by following orbits in the forward time direction. Let @ = ds, 0 a,, . Q, is then called a Poincare map for y on the local transversal section D".
Remark. 0 is not defined on us since the orbits of these points are asymptotic to p. In general, the domain of Q, is not all of Da -us. In fact, if the eigenvalues of DX,(p) do not have nonzero imaginary part, then a,, need not map any points of D8 -u8 into D". It is for this reason that we assume w > 0 in Theorem A.
For later purposes, we also define 6, : D" -uU --f Z,,O" by following orbits in the negative time direction until their first intersection with Z,,S.
NEIGHBORHOODS OF HOMOCLINIC

ORBITS
In this section we complete the proof of Theorem A. The main step in the proof is to show that a,, maps curves transversal to o8 in D" to curves which spiral infinitely often around &,U and which are close in the Cr sense to oU.
We first note that @a(z) = Fr(&), where T(z) is analytic on Ds -&, and, in fact, is given by T(x) = WY) = (-l/A(x,y)) log / x I.
Here we have assumed that rr = 1. Let OS, 0" be angular coordinates in the as and au directions in 23 and ZU, respectively. 77: ZOU + uU denotes the natural projection. And we define &J(w) = uu -{w}.
Thus 6(w) represents the circle uU with the point w removed. A submanifold S of Z,,O" is called locally Cl -E close to uU on l' if (i) V is an open submanifold of S.
(ii) For any x E V, there is a neighborhood U, of x in S such that U, is Cl -E close to 6U(-7r(x)).
n(x) belongs to the circle CP, so P-n(x)) is the circle minus the point diametrically opposite to z-(x).
We have in mind the situation where S is a curve spiraling smoothly into one of the boundary circles of an annulus (see Fig. 1 ). Let S be a smooth curve in &" intersecting u8 transversely at q. Then, for any E > 0, there exists a nezghborhood V, of q in S such that @,,(S -q) is locally Cl -E close to u" on a&V, -q).
Proof.
Let /3: R -+ S be a parametrization of S in a neighborhood of q = /3(O). Then, using (1) and (2), it follows immediately that @,, 0 /3 wraps any interval 0 < j T 1 < TV infinitely often around Zoo". We thus show that as 7-+0.
An easy computation shows that We recall that Ds and D" are two-dimensional disks in Zoo" and Zsu, respectively, and that ai0 maps some subset of D8 -us into D". Since W"(p) is transverse to W"(p) at qs (in the energy surface), there is an interval I/'" contained in D" n W"(p) intersecting a8 transversely at q8. Similarly, there is an interval W in D" n WQ) intersecting uU transversely at q".
If Ds and D" are chosen small enough, there are coordinates in which we may write Ds = A8 x Vu, Du = Au x V8 where A8 = us n D8, Au = uU n D". Since @I is a PoincarC map, we may assume that Ql(q x V") = A8 x Q1(q) and that @,(A" x y) = Ql(y) x Vu, for each q E -@, y E Vs. Given E > 0, we may also assume that @s( W"(p) n De) is locally Cl -E close to uU on @s( Vu) and that @&W8(p) n 0") is locally C1 -E close to uson V*.
It follows that QO( Vu) n D" contains a countable collection of intervals each of which is Ci -c close to Au. Thus there is a neighborhood Ni of q8 in A* such that @,,(N, x Vu) n Du contains a countable collection of strips Si satisfying each component of S, -3, is Cl -E close to Au (see Fig. 2 ). Note that for any neighborhood N, of q8 in Vu, @,,(N, x NJ n D" contains a subcollection of the Si . Now let Ns be a neighborhood of q" in E'S such that @,(AU x NJ = Nr x Vu. There is a neighborhood N4 of q" in AU such that &,(N4 x Ns) n (Nr x Vu) also contains a countable collection of disjoint strips Ti having a similar property as the Si above.
Let U = @r(N4 x NJ in Nr x Vu. As noted above, @s(U) contains a countable subcollection of the S, . Thus, reindexing if necessary, there exist strips Ti C U mapped by @,, to strips Si and thus by @ to strips O(TJ in U.
Note that the Ti are horizontal in the sense that T, -ri is Cl -E close to AS n U. Similarly, the Si are horizontal in Du, and so the @(T,) are vertical in U.
Let K > 1. Using Remark 2 above, there is a subcollection Ti' of the Ti having the following property. Let x E T,' and let rj, be a tangent vector at x in the Vu direction. Then the vertical component of TQ(z1.J is expanded by a factor of at least K.
Similarly, one may show that for y E @(T,') and w, a tangent vector at y in the AS direction, the horizontal component of T@l(w,) is also expanded by a factor greater than 1. In the language of [3] , it follows that @ preserves a bundle of sectors on D".
Restricting 0 to N strips in the union of the Ti', it follows that Qi is a horseshoe mapping as in [7] . This completes the proof of Theorem A.
PAIRS OF HETEROCLINIC ORBITS
In this section we extend the results of Section 2 to the case of a pair of heteroclinic orbits as are conjectured to exist in the Restricted Three Body Problem.
More precisely, we assume that Xn is an analytic Hamiltonian system with two degrees of freedom, and that X&J,) = 0 = X&J.
We assume further that each of the pi are critical points of saddle-focus type, and that WPLl) = WPl).
An orbit y that lies in either JP(p,) n W"(pl) or Ws(pl) n W"(p,) is called a heteroclinic orbit. If the stable and unstable manifolds intersect transversely within the energy surface along such an orbit, then the orbit is called a transverse heteroclinic orbit.
Remark.
Unlike homoclinic orbits, transverse heteroclinic orbits are not stable in the set of all Hamiltonian vector fields. In fact, by small changes of the Hamiltonian, we may assume that H(p,) # H&r). For the perturbed system, the stable and unstable manifolds of the two critical points lie in different energy surfaces and hence cannot intersect.
Nevertheless, we have the following theorem. 
